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Abstract 
This paper presents a level set function, named shape function, to describe and treat the irregular surface of mold cavity. With the 
aid of the shape function, the continuity, momentum and energy equations can be extended for solving two-phase flows with an 
immersed solid surface. The governing equations are solved by using the finite volume solver with the coupled level set and 
volume of fluid (CLSVOF) method to track the polymer melt front. As case studies, the melt filling processes are simulated in 
mold cavities with cylindrical insets. The numerical results show that the mathematical model can successfully depict the 
phenomenon of race-tracking and fountain, which are very helpful for determining processing conditions and designing mold 
cavities. 
© 2015 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
The physical processes of flow and heat transfer in plastic injection molding, especially in complex-shaped 
molds with insets, are very complicated. The simulation of the filling processes is of most importance to optimize 
and design the mold cavities, so many researches have been done to simulate the complex flow in injection molding 
by using the finite element (FE) and finite volume (FV) methods [1-3]. To deal with complex boundaries, in FVM, 
unstructured grids or body-fitting grids are usually employed to conform to complex molds [3], but the mesh 
generation is time consuming. During recent years, the immersed boundary method (IBM) has been improved 
greatly, one of whose advantages is that the governing equations can be solved easily on Cartesian grid with a body 
force prescribed on boundaries and the boundary can reach to a no-slip condition [4]. In addition, there is another 
class of methods, usually referred to as “Cartesian grid methods”, which is originally developed for simulating 
inviscid flows with complex embedded solid boundaries on Cartesian grids [5]. These methods have been extended 
to simulate unsteady viscous flows and thus have capabilities similar to those of IBM [6]. Another branch of 
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Cartesian grid method, cut-cell method, has succeeded in simulating two-phase flow with embedded solid 
boundaries, which has been successfully applied to the Euler equations in two and three dimensions, and to flows 
involving both moving bodies and moving material interfaces [7]. In this review, the term immersed boundary (IB) 
method is used to encompass all such methods that simulate viscous flows with immersed (or embedded) boundaries 
on Cartesian grid system. 
In this paper, the immersed boundary technique is applied to a full three-dimensional complex flow in injection 
molding process, and a level set function is used to describe and treat the irregular surface of mold cavity. The two-
phase flow model which is proposed in [2] is adopted to simulate the melt filling, where the Cross-viscosity model is 
employed to describe the viscous behavior of polymer melt. The governing equations of two-phase flow are solved 
by using FVM and IBM. Herein two level set functions are employed, one for treating the complex molds, and 
another for tacking melt front with the aid of volume-of-fluid (VOF) method, which is the so-called CLSVOF 
(coupled level set and volume of fluid) method [2,8]. The content of this paper is listed as follows. First of all, the 
mathematical model is proposed in Section Secondly, Section 3 presents the numerical implementation of the FVM 
and IBM. Last but not least, In Section 4, melt filling processes in two different molds, i.e., ring-shaped mold 
cavities with two cylindrical insets of the same/different thickness are simulated and analyzed in detail. Some 
conclusions and future research direction are included in this paper. 
2. Mathematical Model 
2.1. Governing Equations 
During the melt filling process, since the air velocity is low, both the air and liquid phases can be regarded as 
incompressible fluid [2]. The continuity, momentum and energy equations of the incompressible fluids can be 
written as the unified equations in dimensionless form  
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where u  is velocity, p pressure, T temperature. U ,K , C  and N  are density, viscosity, thermal capacity and 
conductivity, respectively.  T21 uuD   and   ijji xuxu wwww IKW . g is gravitational 
acceleration. f  is the body force(virtual force), which can be prescribed on a regular mesh in IBM. P  is the 
solid volume fraction in a computational cell, i.e. 0 P  for the fluid cell, 1 P  for the solid cell, and 
10  P  for the solid/fluid interface. 
 
2.2.  CLSVOF method and shaped level set function 
In the CLSVOF method, the level set function is adopted to capture the melt front with the aid of VOF function, 
while the level set and VOF functions are advected by using the following equations, respectively 
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where )  is level set function I or VOF function F. Please see Ref. [8] for important details about CLSVOF 
method.  
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The melt front is represented by the level set function ),( txI [2]. And the sign of ),( txI  is that 0!I  in 
the melt phase and 0I  in the air phase, respectively. The level set function is employed to treat the 
discontinuities of density and viscosity near the interface. The density and viscosity are assumed to be constant in 
each phase, while the fluid properties across the interface are smoothed over a transition band by using the level set 
function      IUUUIUU HHaa   m              (5)      IKKKIKK HHaa   m                (6)    II HHCCCCC ama   )(              (7)    INNNINN HHama   )(               (8) 
The subscript a  and m  represent air and melt, respectively. The smoothed Heaviside function  IHH  is 
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whereH is a parameter related to the interface thickness, herein x' H . x'  is the grid width along the x direction. 
The Cross-viscosity model is adopted to describe the rheological property of the polymer melt in this paper [2]. 
     npTpT  1*001
,
,, WJK
KJK

      (10) 
where *W  is the model constant that representsthe shear stress rate, n  is the model constant which symbolizes the 
pseudoplastic behavior slope of the melt as  n1 , 0K  is the melt viscosity under zero-shear-rate conditions.  
In this paper ,the melt front and mold shape are described by using two level sets, one for the liquid/air phase, 
and another for the solid/fluid phase. For example, an irregular solid domain s: is embedded in the computational 
domain : , such that sf :: : \  represents the fluid domain where the governing equations are to be 
discretized. To describe the irregular boundary of the mold, a level set function is employed, such that fI  is 
negative in the fluid region f: and positive in the solid region s: . Meanwhile, the boundary * corresponds to the 
zero level set of this function, i.e., 
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where dist represents the distance between x and the nearest point on the irregular boundary of the mold cavity. 
3. Numerical implementation 
The governing equations are discretized by the finite volume SIMPLE methods on a nonstaggered grid [2]. The 
level set function belongs to the Hamilton-Jacobi equations, which is discretized in this paper by the fifth-order 
WENO (weighted essentially non-oscillatory) scheme in space and third-order TVD (total variation diminishing) 
Runge-Kutta scheme in time, respectively [2]. The VOF function F is employed to conserve the melt mass which 
would be lost in the level set method. To solve the VOF function F, the flux-splitting algorithm is used. Please refer 
to Ref. [8] for detailed description.  
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4. Numerical simulation of complex filling process 
In this section, the injection molding processes of Cross fluid are simulated by using IBM and CLSVOF method, 
where the shaped level set function is employed to treat complex mold boundaries. 
4.1. Filling process in ring-shaped mold cavity with two cylindrical insets of the same thickness 
Figure 1 demonstrates the melt interfaces in ring-shaped mold cavity with two cylindrical insets of the same 
thickness at different time. After the melt turns around the circular inserts, two melt branches encounter and the 
cavitations form among melt and inserts (Fig. 1(c)), and then the seam lines or weld lines begin to form (Fig. 1(b)-
(c)), which are undesirable in the injection molding. 
 
                                      (a) t=2.2                           (b) t=3.85 
 
 
(c) t=6.05                          (d) t=7.15   
 
Fig.1.  Melt front in ring-shaped mold cavity with two cylindrical insets of the same thickness at different time. 
 
4.2. Filling process in ring-shaped mold cavity with two cylindrical insets of different thickness 
Figure 2 shows the filling process in ring-shaped channel with two cylindrical insets of different thickness at 
different times. When polymer melt flows around the two cylindrical insets with the three-quarter thickness of the 
other segments in the mold cavity, in a short time, the difference between two melt branches is unobservable. 
Meanwhile, the fountain phenomenon could be seen clearly, as shown in Fig. 2(a). At t=3.3, the three branches 
emerge (Fig. 2(b)). Then the difference enlarges gradually due to race-tracking effect. After flowing around the 
insets, the three branches meet each other (Fig. 2(c)) and the seam lines begin to form which gradually disappears 
over time (Fig. 2(d)).  Figure 2 reveals that the air traps vanish over the thin inset at t=4.4. The above phenomena 
could only be simulated successfully in 3D case.  
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(a) t=2.2                          (b) t=3.3   
 
(c) t=3.85                           (d) t=4.4   
 
Figure 2: Melt front in ring-shaped mold cavity with two cylindrical insets of different thickness at different time. 
 
5. Conclusions 
In this work, the immersed boundary and CLSVOF methods are proposed to simulate the melt filling processes 
in complex molds with insets, and the filling processes are simulated in ring-shaped channels with two cylindrical 
insets of the same/different thickness, respectively. And the conclusions can be drawn as follows. The race-tracking 
effect is a phenomenon that polymer melt front along the thicker edge moves faster than that in the thinner area, 
which could cause weld line to form or air to be trapped in the polymer melt. Due to race-tracking effect, the melt 
flow is unbalanced in the thick and thin segments of the mold, which will influence weightily the quality and 
performance of the final plastic products. So in injection molding process that the injection port should be added in 
the thin sections or the each part’s thickness of the mold should be consistent.  
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